Abstract. For every n-dimensional projective manifold X of Kodaira dimension 2 we show that Φ |MKX | is birational to an Iitaka fibration for a computable positive integer this note we show that the answer is also affirmative for κ = 2. In the proof we do not
assume the existence of minimal models in dimension n. However, the existence of good log minimal models of surfaces will be used in an essential way. For F an elliptic curve one has b = 1 and B 1 = 2. For surfaces F of Kodaira dimension zero, the index b divides 12 and there is an upper bound 22 for the middle Betti number B 2 of the smooth minimal model of the canonical covering of F . Hence for n ≤ 4 the constant M in Theorem 0.2 can be chosen to be independent of X, or as we will say, as a universal constant.
When dim X = 3 and κ(X) = 0, 1, or 3, one finds similar results in [Mo, §10] , [FM, Corollary 6 .2], [CC, Th 1 .1], [HM] and [Ta] . So we can state:
Corollary 0.3. There is a computable universal constant M 3 such that Φ |M 3 K X | is an Iitaka fibration for every 3-dimensional projective manifold X.
We remark that when dim X = 3 and κ(X) = 2, Kollár [Ko94, (7.7) ] has already shown that there exists a universal constant M ′ such that H 0 (X, mK X ) = 0 for all m ≥ M ′ , under the additional assumption that the Iitaka fibration is non-isotrivial. A direct proof of Corollary 0.3, using the existence of good minimal models, will be given at the end of Section 4. We adopt the conventions of Hartshorne's book, of [KMM] and and of [KM] . However, if D is a Q-divisor on X we will often write H 0 (X, D) or H 0 (X, O X (D)) instead of H 0 (X, O X (⌊D⌋)), and write |D| instead of |⌊D⌋|. By abuse of notations we will not distinguish line bundles and linear equivalence classes of divisors.
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Some auxiliary results
Set-up 1.1. Let X be a complex n-fold of Kodaira dimension κ. We will consider an Iitaka fibration f : X → Y of X with Y nonsingular, and F will denote a general fibre of f . Replacing X by some nonsingular blowup, as in [Vi83, §3] or [FM, §2, §4] , one may assume that f : X → Y is a morphism, that the discriminant of f is contained in a normal crossing divisor of Y and that each effective divisor E in X, with codim Y (f (E)) ≥ 2, is exceptional for some morphism X → X ′ with X ′ nonsingular. In particular, for all i ≥ 1 and for all such divisors E one has 
∨∨ for i sufficiently divisible, and such that both sheaves coincide if f : X → Y is semistable in codimension one. In particular, L ss X/Y is nef. We will write
Let B n−κ be the middle Betti number of the canonical covering of F , and
So all the non-zero coefficients of D Y are contained in
Lemma 1.2. In the Set-up 1.1, the following holds true.
(1) The set A(b, N) is a DCC set in the sense of [AM, §2] , and one has
(4) For every m ∈ Z >0 , the map Φ |mbK X | is birational to the Iitaka fibration f if and
| gives rise to a birational map.
(5) NbL Y is an integral Cartier divisor.
Proof. Part (1) is obvious and (5) was mentioned already in Set-up 1.1. For (2), we remark that D Y , as part of the discriminant locus, is a simple normal crossing divisor and that s P /b ∈ (0, 1). The parts (3) and (4) are obvious, since for all i ≥ 1
Finally (6) In [Vi06] we constructed a compactification M h of M h and a nef Q-Cartier divisor λ on M h , which on each curve meeting M h corresponds to the semistable part. Moreover, λ is ample with respect to M h . In different terms, there is an effective is not numerically trivial). Perhaps this allows to answer Question 0.1 in the affirmative, assuming the existence of good minimal models. However, the constant M will depend on the Hilbert polynomial h.
Remark 1.4. Gianluca Pacienza [Pa] recently gave an affirmative answer to Question 0.1 for κ = n − 2, or more precisely if the general fibre F of the Iitaka fibration has a good minimal model, assuming that Y is non-uniruled and that the morphism Y 0 → M h in Remark 1.3 is generically finite over its image. Note that the last assumption implies that L Y is big.
Log minimal models of surfaces and pseudo-effectivity
From now on we will restrict ourselves to the case κ = 2.
Remark 2.1. As we will see in proving Theorem 0.2, the constant M(b, B n−2 ) (later written as M(b, N)) can be computed using invariants β(A) and ǫ(A) of the DCC set A = A(b, N) (see [AM, Th 4.12] and [Ko94, Complement 5.7 .4], or [La, Th 5.4] (
Here
Proof. As in the proof of [FM, Th 5.2] , the nefness of L Y and the bigness of K Y +D Y +L Y allows to find some a ∈ Q >0 and a klt-pair (Y, ∆ Y ) such that 
By the abundance theorem for klt log surfaces (see [Ko+] , for example), there is a morphism with connected fibres ψ :
is again klt. We find
(1) is true by Lemma 1.2 (3). Part (2) follows from (1) and Lemma 1.2 (2).
For part (3), we refere to [KM, Proposition 2.61, Corollary 3.5] .
The answer to Question 0.1 is quite easy when K Y + D Y is big, and especially when 
Note that the coefficients of
The Remark (3) on page 60 of [La] allows to apply [La, Th 3.2] . As in [La, Th 5 .3] one finds a constant M(b, N), depending only on the set A(b, N), such that the linear system
gives rise to a birational map for every s ≥ M(b, N). The same [La, Th 3.2] applies to
since (s + 1)L Y is pseudo-effective and hence the boundary divisor of the above adjoint linear system has nef part larger than sη
Assume further that Nb divides s + 1. Then by Lemma 1.2
This implies the first part of Lemma 2.4. Now the second part follows from the first part using Lemma 1.2 (4).
Proof. Consider the Zariski decompositions
For a very general curve C t , we have
Assume that s(1 − e) > 4Nb. Applying [La, Th 3.2] one finds that the adjoint linear
(whose boundary divisor has the nef part larger than sP Y ) gives rise to a birational map. Assume further that Nb divides (s + 1). The lemma follows from the observation that the latter system is included in the following (see Lemma 1.2):
The most difficult part of the proof of Theorem 0.2 is the one where 
, and V is a klt del Pezzo (rational) surface. In particular, −K V is an ample Q-divisor and V has at most quotient singularities.
(2) V is the total space of a P 1 -fibration over a curve with general fibre Γ, the Picard number ρ(V ) = 2, and
Proof. We start with the morphism σ : 
So the assertion c) and the first equation in the assertion b) hold true.
Starting from W 0 = W we will construct for some r ≥ 0 and for i = 0, . . . , r − 1 a chain of birational morphisms τ i : W i → W i+1 , such that W r satisfies the conditions stated in Proposition 2.6, f) (1) or (2). We will show inductively that the following conditions (c1) -(c5) hold for i = 1, . . . , r and that (c6)-(c8) hold for i = 1, . . . , r − 1.
is nef } exists and is rational.
for the Picard number of W i . Claim 2.8.
(i) The conditions (c2) and (c3) for some i imply (c4) with e i ∈ (0, 1).
(ii) In particular, (c4) and (c5) hold for i = 0.
Proof. Knowing (c2) for some i the condition (c3) allows to deduce from [KMM, or [KM, Th 3.5 ] that there exists a rational number
Assume now we have found the birational morphisms τ i for i < i 0 , that (c1)-(c5) hold for i = 0, . . . , i 0 and that (c6)-(c8) hold for i = 0, . . . , i 0 − 1.
By [KM, Complement 3.6] , the condition (c2) implies the existence of a
to be the contraction of R i 0 (i.e., of all the curves proportional to R i 0 ). In particular, one finds
Suppose that τ i 0 is birational. Then for i = i 0 the condition (c6) holds. (c8) follows from the equation (2.2).
Knowing (c1)-(c8) for i = i 0 it is easy to verify (c1)-(c5) for i = i 0 + 1. We remark that (c7) and (c8) for i 0 imply that
so (c1) and (c2) for i 0 + 1 follow from the corresponding statements for i 0 , and hence (c4) for i 0 + 1 follows from Claim 2.8.
By the choice of e i 0
is nef. This is possible only if
is nef, and hence only if e i 0 ≥ e i 0 +1 , as claimed in (c5).
If τ i 0 is birational, we can continue this process. This way, one obtains birational morphisms τ j : W j → W j+1 (0 ≤ j ≤ r) satisfying the conditions (c1) -(c8). The condition (c6) implies that r < ρ(W ).
If τ i 0 is non-birational we set V = W i 0 and e = e i 0 in Proposition 2.6. The assertions a) and the second half of b) follow from (c5), (c7) and (c8), whereas e) is the same as
(c1). It remains to verify d) and f).
Case (1). If the image of τ i 0 is a point, we claim that in Proposition 2.6 f) we are in
Case (1) Case (2). We claim that the second case in Proposition 2.6 f) occurs if τ i 0 has a curve W i 0 +1 as its image. Let Γ denote a general fibre of τ i 0 .
For V = W i 0 one finds ρ(V ) = 1 + ρ(W i 0 +1 ) = 2. Our Γ generates the extremal ray R i 0 giving rise to the contraction τ i 0 . So every fibre of V → W i 0 +1 is irreducible (also because ρ(V ) = 2). Since the nef divisor K V + D V + eL V is perpendicular to R i 0 and hence to the nef divisor Γ, one finds that K V + D V + eL V ≡ βΓ for some β > 0.
Since
We still have to characterize e as the pseudo-effective threshold as claimed in the assertion d) of Proposition 2.6.
Clearly, when S = V , our K S + D S + eL S ≡ βΓ (setting β = 0 and Γ to be any ample divisor, in Case (1)) is pseudo-effective, so by the assertion b) of Proposition 2.6 the same is true when S = Y or S = W .
Conversely, suppose that K S + D S + e ′ L S is pseudo-effective for some e ′ and some S ∈ {Y, W, V }. Then the same holds for S = V by considering the pushdown.
For S = V we can write this divisor as βΓ
Cases (1) and (2), and hence e ′ ≥ e.
The next two Lemmata give a universal upper bound for the threshold e in Proposition 2.6.
Lemma 2.9. In the situation considered in Proposition 2.6 f), Case (1), there is a constant e(b, N) < 1, depending only on b and N, such that the threshold e ≤ e(b, N).
Proof. Let π : V → V be a minimal resolution. So one has a commutative diagram M(b, N) . Thus the same holds for
.Γ ≥ 1 for any movable curveΓ on V . On V , we take Γ ∼ = P 1 with Γ 2 = 0 or 1 (when V is ruled or P 2 ) such thatΓ = π(Γ). Note that
If e ≤ 1/2 there is nothing to show. Otherwise
gives an upper bound for e.
Lemma 2.10. In Case (2) of Proposition 2.6 f), there is a constant ν = ν(N, b) (depending only on N, b) such that the threshold e satisfies
Proof. Again it is sufficient to consider the case e ≥ 1/2. We calculate
Here the fibre Γ is the pullback on Y of the general fibre Γ on V in Proposition 2.6 f),
, we apply [FM, Prop 6 .3], obtain ν = ν(N, b) satisfying the following and hence conclude the lemma (noting that E τ σ is contained in fibres):
3. The proof of Theorem 0.2 and Corollary 0.3 So for Theorem 0.2 it remains to consider the case:
In particular, the first condition implies that the nef dimension n(L Y ) is one or two.
The morphism σ : Y → W , constructed in Lemma 2.2, factors through a minimal
(4) Let e be the threshold from Proposition 2.6 and let P Y be the positive and N Y the negative part in the Zariski decomposition
Proof. Recall that L Y is nef. Hence the direct images L W and L W have the same property. (1) Using the notations from Lemma 2.2,
Moreover K Y + D Y + eL Y is pseudo-effective by the choice of e. Then its σ-pushdown K W + D W + eL W is pseudo-effective as well and one obtains the first part of (4). Since P Y and L W are nef, the pseudo-effectivity of
depending only on b, N, e.
Proof. Keeping the notations from Lemma 3.2 (4), one has:
2 and the claim follows from (3.1) in Lemma 3.2 (4).
By the assumption, this intersection number is non-negative. Thus
If L W .K W is positive, by Lemma 1.2 (5) it has to be larger than or equal to 1/Nb.
Applying Lemma 3.2 (4) one finds 
in SuppD W and in the exceptional locus of π.
The second condition implies that [Z, Lemma 1.7] implies that
In order to prove Lemma 3.3 consider two general points x 1 , x 2 of Y . In this case we assume that x 1 , x 2 are not in the same fibre of this fibration.
Thus for a very general curve C t on Y containing x 1 , x 2 , one has
Then the adjoint linear system
separates the points x 1 , x 2 . In fact, the nef part of the divisor
is larger than s 0 P Y and the inequalities
allow to apply [La, Th 3.2] . Thus, by Lemma 1.2,
Now by [Ko86, Th 4.6] , Φ |tK X | is an Iitaka fibration for t = (s 0 + 1)(2M + 1) + M, where M is a constant as in [FM, Corollary 6 .2], depending only on A(b, N).
Recall that Assumption 3.1 implies that n(L Y ) is one or two. In the second case, Lemma 3.2 (3) allows to apply Lemma 3.3. So it remains to consider the case below:
Q-linearly equivalent to a positive multiple of Σ, and |MK X | is an Iitaka fibration for
is numerically equivalent to a positive multiple of the general fibre Σ of the nef reduction In case dim B = 0 one has K Z + D Z ≡ 0 (indeed, ∼ Q 0 by [Ko+] ). If L Y .E γ = 0, then
Thus L Y .E γ > 0 and, using the notations from Lemma 3.5, one finds Σ.E γ > 0. The divisor E γ is exceptional for the birational morphism to the klt surface Z, whence all its components are isomorphic to P 1 . Since one of them intersects Σ, the base curve C in Lemma 3.5 is dominated by P 1 and hence g(C) = q(Y ) = 0.
Proof of Theorem 0.2. As recalled at the beginning of this section it remains to verify the theorem under Assumption 3.1. Then the theorem follows from Lemmata 3.3, 3.5, and 3.6, using Lemmata 2.9 and 2.10. 
